Abstract. In this note we study the cokernel of the restriction map from the Chow group of codimension 2 cycles on the spread of the self product of a CM-elliptic curve over the ring of integers of a number field to the codimension 2 cycles on the self of product of the CM elliptic curve itself. We prove that this cokernel is profinite.
Introduction
In this paper we consider the following question. Suppose that we have smooth projective surface X defined over a number field K. Suppose that it can be spread out to a smooth projective variety X over the number ring O K . Let us explain the construiction of the spread. Let X be given by finitely many polynomial equations f i (x 1 , · · · , x n ) = 0, i = 1, · · · , m such that the coefficients of f i 's are defined over K. As the field K is the fraction field of the number ring O K , so the elements in K are of the form a/b, for a, b in O K . Therefore all the coefficients of the polynomials f i 's are of the form a ij /b ij . Considering each of the equations
we multiply the equation by the product j b ij , of the denominators of the coeffieicents of f i . Then we get an equation say f ′ i defined over the number ring O K . This is a spread of X and is denoted by X. Note that it depends on the choice of the polynomials f i defining X and hence the spread need not be unique. But in our case we assume that there exists atleast one spread X, such that it is smooth over O K .
Suppose that we consider the flat pullback
of codimension 2-cycles which are algebraically trivial modulo rational equivalence. Then what can we say about the cokernel of this homomorphism.
In the paper by Mildenhaull, [Mil] , the author studied this flat pullback for X to be the self-product of an elliptic curve admitting a complex multiplication. He has shown that the kernel of this flat-pullbcak over any number field K is finite. That is the departing point of the present article. We use the Mildenhaull's result to derive the information about the co-kernel of this homomorphism for the case where X is the self-product of a CM elliptic curve.
The main techniques used here are the Galois module structure of the Chow group of X and that of X and then to consider the Galois cohomology of the groups A 2 (X) and that of A 2 (X). The proof involves similar techniques as to show that the Selmer group of an abelian variety defined over a number field is finite and the Mildenhaull's result for self product of CM elliptic curves.
Our main theorem is as follows:
Theorem2.2 The cokernel of the flat pull-back
over a number field K, is a pro-finite group.
The main motivation to study this question is the following conjecture due to Beilinson:
Suppose that we have a smooth projective variety X defined over Q. Then the kernel of the albanese map from CH 0 (X) to Alb(X) has trivial kernel. The algebraicity of the ground field is very much important as it has been shown in [GG] , [GGP] , that as soon as we consider smooth projective varieties over transcendental extensions of Q, we have non-triviality of the albanese kernel, more generally for the Abel-Jacobi kernel. The idea here is to spread out a zero cycle on X to a codimension 2 cycle on X and to understand how much information does this spread-out cycles capture. That is we try to undertstand the index of the image of A 2 (X) in A 2 (X). Suppose that we can prove the trriviality of the Abel-Jacobi kernel for A 2 (X), then according to our result to prove the triviality for albanese kernel for A 2 (X), we need to understand the pro-finite group A 2 (X)/A 2 (X).
Proof of the theorem
Let E be a CM elliptic curve defined over a number field K and O K denote the ring of intergers of K. Let N be the discriminant of E. Let the spread E over O K [1/6N] be smooth. Then we can consider the restriction homomorphism at the level of Chow group of codimension 2 cycles (algebraically trivial) from
. It is known due to the Mildenhaull's result that the kernel of this restriction map is finite. Denote this kernel by Σ K . Then we have the exact sequnce
Now consider the sequnce at the level of algebraic closure of K, namely
Here O[1/6N] denote the integral closure of O[1/6N] inK. Now the Galois group G ofK over K acts naturally on each member of the above short exact sequence. Denote
Therefore if we consider the group cohomology of G for these Galois modules we get that:
Then we have the following exact sequnece
Here G[n] denote the group of n-torsions in an abelian group G. Now we consider a place v of K and consider the complection of K at v, denote this completion by K v . Then consider the algebraic closureK v of K v and embedK intoK v . This embedding gives us an injection of the Galois group Gal(
Considering the Galois cohomology we have a homomorphism from
Then we have the following commutative diagrams:
We consider the map
Definition 2.1. The kernel of this map is defined to be the Selmer group associated to the restriction homomorphism at the level of ntorsions in the Chow groups and it is denoted by S n (Σ K ).
Now consider the commutative diagram:
Now by Roitman's theorem as in [R2] the groups Alb(X)[n] and A 2 (X)[n] are isomorphic. Therefore the group cohomologies are isomorphic. So the left vertical arrow in the above diagram is an isomorphism. Suppose that we have an element in S n (Alb(X)/K). Then by the commutativity of the above diagram we have that the image of the element under the left vertical homomorphism is in S n (A 2 (X)/K). Now we prove our main result stated in the introduction.
Suppose that some element is there in S n (Σ/K). Consider the following commutative squares:
Suppose that we have an element η in the kernel of
Then it means (by chasing the above commutative diagrams) that there exists an element z in A 2 (X(K v )) such that
In particular for all σ in the inertia group I v . Now suppose that v is a finite place such that v does not divide n and Alb(X), X has good reduction at v. Then consider the specialization homomorphism from 
